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Leading conjecture

There is a typed A\-calculus satisfying the
standard desired properties, whose terms, types
and contexts use the same constructions

The calculus \é
Terms and types share the same constructions
Every context is also a term
There is an infinite sequence of sorts
T he standard desired properties hold
It recalls Church simply typed M\-calculus
A possible use case
Foundation for predicative type theories like

CTT (Martin-Lof), MTT (Maietti & Sambin)
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Sort hierarchy parameter
g€ G={next e N— N; next It € h < next(h)}
Constructions

Sort of index k, variable reference,
Church-style abstraction, abbreviation,
application, explicit type cast

Constructors

Terms and types (in prefix notation)
Sort, «x« Xe:V.T 6Sxz<V.T (V). T (V).T

Contexts (in prefix notation)
Sort, Mz:V.C GSxz<—V.C (V).C (V).C



Reduction steps

B-contraction
W)Xz VT  —g  Sx—=W.T

d-expansion
Sx—V.T —5 OSx—V. [zT<V]|T

¢(-contraction
bx—=V.IT — T ifxgFV(T)
(not allowed if the redex is a context)

e-contraction

v-Cconversion
(W).dx<—V.T —y Sz V.(W).T

contextual d-expansion
D.Sx—V.D'+- T —5 [zT<V]|T



Type assignment

sort

C' kg Sorty, : Sortnext, (n)

C =D.éz—V.D" D+, V:T
Chygax:T

def

C=DXe:V.D' DF,V:T
Ckyax:V

decl

C l—g V:.T C.ox—V l—g Ty 15 C.ox—V l—g T> : To 2bbr

C l—g 5£E<—V.T1 . 5m<—V.T2

Cky VT CXhxVEgTy:To CAxViEgT5: Ty
C g Ax:V.Ih A VI

abst

CkEsW:V ChHy,U AV
Cky (W)U :(W)Az:V.T

appl

Cl—ngiTQ Cl—gTQZTo
C |_g <T2>.T1 : T

cast

Cl_gTQZT Cl—gVZTl CHTy <*1T5
Cl—gVZTQ

conv



Main certified properties

The proofs of all properties (592 up to now) are formalised
and are certified by the proof assistants coqg and matita

Reduction is confluent
If CHTy=*T7 and C Ty =*T5, there exists T such that
CHTi=*T and CFH1Tr, =*T

Types are typable
If Ct, 17 15, there exists T3 such that C', 1% : 13

The types of a term are convertible
IfCkH,T:Ty and C =, T : 15 then CF1T1 &* 15

The \-abstraction is predicative
If Ckg Ax:V.T :U then CF U &*V

The terms are not typed with themselves
IfCH,T:U then CFrU&*T

Reduction preserves the type
IfCHT=*Ty and C,T : 15 then C +,T71 : 1>

The typable terms are strongly normalizable
If CkyT:U then C+sn(T)

Type inference is decidable
C ¥4 T 1o or there exists 1> such that C', 17 : 1>
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